
DUAL MIXING AND QUASI-MIXING OF INNER FUNCTION
RESTRICTIONS

JON AARONSON

Abstract. Dual quasi-mixing and dual mixing of a measure preserving transformation are
uniform individual ratio limit properties of the transfer operator which entail the quasi-
mixing and mixing properties of Krickeberg (respectively). The real restriction of a nor-
malised, parabolic inner function of the upper half plane preserves Lebesgue measure and
is dual mixing iff it is exact. Certain other restrictions are “singular” dual quasi-mixing.
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§1 Introduction

§1.1 Overview.
Motivated by an example of E.Hopf ([Hop37, §17]), Krickeberg ([Kri67, Kri69]) defined no-

tions of topological mixing and quasi-mixing for infinite measure preserving transformations
(called “Hopf-Krickeberg mixing/quasi-mixing” in the sequel).
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A stronger, transfer operator version of Hopf-Krickeberg mixing (which we call “dual
mixing”) was established for certain “intermittent” interval maps in [Tha00].

This paper considers “dual mixing” and “dual quasi-mixing” of “normalised, parabolic
inner function restrictions” which, in particular, provide new examples of Hopf-Krickeberg
quasi-mixing transformations.

We complete this overview with two illustrative examples, both real restrictions of rational,
parabolic, inner functions of the upper half plane (as in §1.5).

Let (R,m) be the real line equipped with Lebesgue measure.

Example 1. Let T ∶ R ý
be Boole’s transformation as in [AW73]:

T (x) ∶= x − 1
x

and set un = 1
π
√

2n
, then (R,m,T ) is a measure preserving transformation and

1
un
T̂ nf

u.c.s.ÐÐÐ→
n→∞

∫
R
fdm ∀ f ∈ CC(R)K

where CC(R) ∶= {continuous functions on R with compact support}.

Here T̂ ∶ L1(m) ý
is the transfer operator as defined by  on p.2 and u.c.s means

“uniformly on compact subsets”.
In other words, (R,m,T ) is dual mixing as defined by X (on p.2).

Example 2.
Define τ ∶ R ý

by

τ(x) ∶= T (x) + 1 = x − 1
x + 1,

then (R,m, τ) is a measure preserving transformation and there is a singular, Borel measure
ρ ≢ 0 on R which is locally finite (in the sense that compact sets have finite ρ-measure) so
that with vn = 1

n2 ,

1
vn
τ̂nf

u.c.s.ÐÐÐ→
n→∞

∫
R
fdρ ∀ f ∈ CC(R).o

In other words, (R,m,T ) is singular dual quasi-mixing as defined by L (below).
Proposition 3.1 on p.11 establishes K and o .

§1.2 Dual mixing and quasi-mixing.
Let X be a locally compact, Polish space, let m be a locally finite, Borel measure on X and

let (X,m,T ) be a measure preserving transformation with transfer operator T̂ ∶ L1(m) ý

defined by

∫
X
T̂ g ⋅ hdm = ∫

X
g ⋅ h ○ Tdm for g ∈ L1(m), h ∈ L∞(m).

Motivated by [Kri67], [Ore71, Chapter 3], and [Tha00], we’ll call (X,m,T ) dual mixing if
∃ un > 0 so that

1
un
T̂ nf(x) u.c.sÐÐ→

n→∞
m(f) ∶= ∫

X
fdm ∀ f ∈ CC(R).X

.
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More generally, motivated by [Kri67, Kri69, Pap67], for µ ≢ 0 a locally finite, Borel measure
on X, we’ll call (X,m,T ) µ-dual quasi-mixing if ∃ un > 0 so that

1
un
T̂ nf(x) u.c.sÐÐ→

n→∞
µ(f) ∶= ∫

X
fdµ ∀ f ∈ CC(R).L

In this case, (X,m,T ) is dual mixing if µ = m; and we’ll call (X,m,T ) singular dual quasi-
mixing if µ ⊥m.

Remark
It is standard to extend L to the class of µ-integrable functions with compact support

which are continuous at µ-a.e. point of R, whence if (X,m,T ) is µ-dual quasi-mixing, then

m(A ∩ T −nB) = ∫
B
T̂ n1Adm ∼ unm(B)µ(A) as n→∞

∀ A bounded, µ(∂A) = 0 & B ∈ B(X), B bounded.

In particular, (X,m,T ) is (µ,m)-Krickeberg quasi-mixing as in B below.
Dual mixing for certain intermittent interval maps (including Boole’s transformation as

in K) was established in [Tha00]. For more examples, see [MT12].

§1.3 Hopf-Krickeberg mixing and quasi-mixing.
Let X be a locally compact, Polish space and let m be a locally finite, Borel measure on

X.
A measure preserving transformation (X,m,T ) is called

Hopf-Krickeberg (µ1, µ2)-quasi-mixing (abbr. HK-(µ1, µ2)-quasi-mixing)
(where µ1, µ2 ≢ 0 are locally finite, Borel measures on X) if ∃ un > 0 so that

m(A∩T−nB)
un

ÐÐ→
n→∞

µ1(A)µ2(B) ∀ A ∈ Rµ1 , B ∈ Rµ2B

where Rµ ∶= {A ⊂ X ∶ µ(∂A) = 0}; and (X,m,T ) is called Hopf-Krickeberg mixing (abbr.
HK-mixing) if (X,m,T ) is HK-(m,m)-quasi-mixing.

For Markov shifts, HK-mixing is characterised by Orey’s strong ratio limit property

(abbr. SRLP) as in [Ore61]. See [Kri67, Kri69, Pap67].
In addition, a variety of smooth dynamical systems are now known to be HK-mixing. See

e.g. [Len10, DN22, FR24, PT25].
A characterisation of HK-quasi-mixing Markov shifts with discrete state spaces in terms

of Pruitt’s generalized SRLP (as in [Pru65]) is given by [Pap67, Theorem 2.4]. Examples of
HK-quasi-mixing Markov shifts with continuous state space can also be found in [Pap67].

§1.4 Ergodic properties.

Dual quasi-mixing transformations.
A dual quasi-mixing measure preserving transformation (X,m,T ) of a probability space

is exact in the sense that ⋂n≥0 T −nB(X) m= {∅,X}.
By Hopf’s decomposition results (see e.g. [Aar97, Proposition 1.3.1]), if (X,m,T ) is µ-dual

quasi-mixing, then (X,m,T ) is conservative iff ∑n≥1 un = ∞.
In this case, by the ratio ergodic theorem, almost every ergodic component (X,mω, T )

(of the ergodic decomposition of (X,m,T ) as in e.g. [Aar97, 2.2.9]) is pointwise dual

ergodic (as in [Aar97, §3.7]) with mω = µ, whence µ =m and (X,m,T ) is dual mixing which
in turn entails conditional rational weak mixing. See [AT20].
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HK-quasi-mixing transformations.
As shown in [Kri67, Kri69, Pap67], a probability preserving transformation is HK-quasi-

mixing iff it is strongly mixing.
A rationally ergodic measure preserving transformation (X,m,T ) (see e.g. [Aar97,

§3.3]) which is (µ1, µ2)-HK-quasi-mixing as in B on p. 3 with Rµi ∩R(T ) ≠ ∅ (i = 1,2) is
necessarily HK-mixing and hence by [Aar13, Lemma C] rationally weakly mixing.

However, we do not know whether a general, conservative, HK-mixing transformation
preserving an infinite measure is necessarily ergodic.

§1.5 Inner functions of the upper half plane.
An analytic endomorphism T ∶ R2+ ý

is called an inner function of the upper half plane
R2+ ∶= {x + iy ∶ x, y ∈ R, y > 0} if

for m-a.e. x ∈ R, ∃ lim
y→0+

T (x + iy) =∶ T (x) ∈ R.

An inner function T ∶ R2+ ý
is necessarily of form

T (z) = αT z + βT + ∫
R

1+tz
t−z dµT (t) (z ∈ R2+).R

where αT ≥ 0, βT ∈ R and µT is a singular measure on R (i.e. µT ⊥m).

The measurable mapping T ∶ R ý
is aka the real restriction of the inner function.

For ω ∈ R2+, define ϕω(t) ∶= Im 1
π(t−ω) & Pω ∈ (R), dPω ∶= ϕωdm.

Theorem 1.1. Nordgren’s Theorem [Nor68]

For T ∶ R2+ ý
inner, as in R, (R,m,T ) is a nonsingular transformation with T̂ϕω = ϕTω;

equivalently

Pω ○ T −1 = PT (ω) ∀ ω ∈ R2+.ý

Remarks
● ý is aka Boole’s formula as a version for rational inner functions of the the upper half
plane appears in [Boo57, p. 787] (see also [Gla77, §8]).
● For a converse to Nordgren’s theorem, see [Let77].
● As a consequence of ý (see [Let77]): if αT > 0, then

m ○ T −1 = 1
αT
m.ï

For T ∶ R2+ ý
, we’ll call the nonsingular transformation (R,m,T ) the restriction of T .

Theorem 1.2. Denjoy-Wolff Theorem
Let T ∶ R2+ ý

be a non-Möbius inner function, then ∃ d = dT ∈ R2+ ∪ R ∪ {∞} so that

T nz ÐÐ→
n→∞

d ∀ z ∈ R2+.

● If d ∈ R2+, then T (d) = d and ∣T ′(d)∣ < 1.
● If d = ∞, then αT ≥ 1.
● If d ∈ R, then αTd ≥ 1 where Td ∶= φdT ○ T ○ φ−dT with φt(z) ∶= 1+tz

t−z .

Denjoy-Wolff points
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The point dT is called the Denjoy-Wolff point of T .
The inner function T is called elliptic if d ∈ R2+; parabolic if d ∈ R ∪ {∞} and αTd = 1 (with

T∞ ∶= T ); and hyperbolic if d ∈ R ∪ {∞} and αTd > 1 .
We’ll also call a non-elliptic inner function T normalised if dT = ∞. A non-elliptic inner

function T is Möbius-conjugate to the normalised inner function Td as above.
If T ∶ R2+ ý

is parabolic and normalised, then by ï, (X,m,T ) is a measure preserving
transformation.

Theorem 1.3. Pommerenke’s limit theorem [Pom79]
Suppose that T ∶ R2+ ý

is normalised, inner and let T n(i) = an + ibn, then ∃ Π ∶ R2+ ý

analytic, so that

Tn
−an
bn

u.c.s.ÐÐ→
n→∞

Π with Π ○ T ≡ aΠ + b where b ∈ R, a ≥ αT .H

Moreover, if T ≠ Id, then

Π ≡ i ⇔ Π ○ T ≡ ΠG

⇔ ⟨T n(z), T n(ω)⟩ ÐÐ→
n→∞

0 ∀ z,ω ∈ R2+

where ⟨z,ω⟩ ∶= ∣ z−ωz−ω ∣.

We’ll call the function Π = ΠT ∶ R2+ ý
the Pommerenke limit of T .

Hamilton showed ([Ham94, Theorem P]) that the Pommerenke limit is either constant or
inner.

Since V ∶= ImΠ is positive, harmonic & V (i) = 1, ∃ $Π ∈ P(R̂) so that

V (z) = ∫
R̂

ϕz

ϕi
d$Π =$Π({∞})Imz + ∫

R

ϕz

ϕi
d$Π.µ

We’ll call the measure $Π the representing measure of Π. Thus ([Ham94, Theorem P])
either $Π = Pi (when V ≡ i) or $Π ⊥ Pi (otherwise).

Note that spt$Π = {∞} iff Im Π(z) = Im z which is the case iff T is Möbius. Thus T
non-Möbius entails $Π(R) > 0.

§1.6 Ergodic theory of inner function restrictions.
In addition to ý (p.4) also have

∫
R
∣ϕz − ϕω ∣dm = 4

π
sin−1⟨z,ω⟩.T

See e.g. [Aar97, Lemma 6.1.4].

By approximation, using R (p.4); & T, we have, for T ∶ R2+ ý
inner that

∥T̂ nu∥L1(m) ÐÐ→
n→∞

0 ∀ u ∈ L1(m), ∫
X
udm = 0 ⇐⇒

⟨T nz, T nω⟩ ÐÐ→
n→∞

0 ∀ z,ω ∈ R2+

⇐⇒ by [Lin71], (see also e.g. [Aar97, Theorem 1.3.3])

⋂
n≥0

T −nB(X) m= {∅,R} i.e. (R,m,T ) is exact.
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By Pommerenke’s theorem 1.3 (p.5), in case (R,m,T ) is not exact, the Pommerenke limit
is not constant and there is a non-constant T -invariant, bounded analytic function on R2+,
whence (R,m,T ) is not ergodic.

By Hopf’s criterion (see e.g. [Aar97, Proposition 1.3.1]), (R,m,T ) conservative iff∑n≥1 T̂
nϕi =

∞ a.e.; equivalently, ∑n≥1
1
bn

= ∞ with bn ∶= ∣Tn
(i)∣2

ImTn(i)
.

As in [Neu78] (see also [Aar78] & [Aar97, Proposition 6.1.7]), if a non-Möbius inner func-
tion is conservative, it is ergodic, hence exact.

However, as in [Aar81] (also [Aar97, Theorem 6.4.8]) there is a dissipative exact inner
function restriction.

§1.7 Main Results.

Theorem M (Mixing)

Suppose that T ∶ R2+ ý
is a normalised, parabolic, inner function, then (R,m,T ) is dual

mixing iff it is exact.

Theorem Q (Quasi-mixing)

Suppose that T ∶ R2+ ý
is a normalised, parabolic, inner function; non-Möbius and not

exact.

If T n(i) → ∞ tangentially, then (R,m,T ) is singular dual quasi-mixing.

Here T n(i) = an + ibn ∈ R2+ →∞ tangentially if ∆n ∶= (anbn )2 ÐÐ→
n→∞

∞.

§2 Dual mixing and quasi-mixing of inner function restrictions

In this section, we prove the main results.

§2.1 Uniform weak convergence of measures.
Let X be a locally compact, Polish space, and let

Clim(X) ∶= {f ∈ C(X) ∶ ∃ lim
x→∞

f(x) ∈ R}

equipped with the supremum norm.
Note that Clim(X) ≅ C(X̂) where X̂ is the one-point compactification of X.
Let M(X) denote the space of finite Borel measures on X and let P(X) denote the Borel

probabilities on X.
By Riesz’s representation theorem, M(X̂) = C(X̂)∗

+
and by Helly’s theorem P(X̂) is weak

* compact.
Let (Y, d) be a compact metric space. We’ll call a function µ ∶ Y → M(X) is weakly

continuous if x↦ ∫X fdµx is continuous (Y → R) for each f ∈ Clim(X). Denote

C(Y,M(X)) ∶= {µ ∶ Y →M(X) ∶ µ weakly continuous}
considered with the topology of convergence

µn
C(Y,M(X))ÐÐÐÐÐÐ→

n→∞
ν ⇐⇒ sup

x∈Y
∣µn,x(f) − νx(f)∣ ÐÐ→

n→∞
0 ∀ f ∈ Clim(X).

Proposition 2.1.
Let (Y.d) be a compact metric space, then
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K ⊂ C(Y,M(X̂)) is precompact iff for some J ⊂ Clim(X)+ with dense linear span,

ωf(h) ∶= sup{∣µx(f) − µy(f)∣ ∶ x, y ∈ Y, d(x, y) ≤ h, µ ∈K}¨

ÐÐÐ→
h→0+

0 ∀ f ∈ J.

Proof Precompactness implies ¨ by the Arzela-Ascoli theorem.
Conversely, suppose that K satisfies ¨.
We claim first that K is uniformly bounded in the sense that

C ∶= sup{µx(1) ∶ µ ∈K,× ∈ Y } < ∞ where 1(x) = 1 ∀ x ∈X.+

If not, ∃ nk ↑ ∞, xk ∈ Y so that µnk,xk(1) ≥ k.

Fix f ∈ J so that f(x) ≥ c > 0 ∀ x ∈ X̂.
By ¨ and the Arzela-Ascoli theorem, ∃ k` →∞ & g ∈ C(Y ) so that

lim
`→∞

µnk`
,xk`

(f) ≤ C ∶= sup
y∈Y

∣g(y)∣

entailing for large `,

3C < k` ≤ µnk`
,xk`

(1) ≤ 2µnk`
,xk`

(f) ≲ 2C. 4 2� +

To see precompactness of K fix an infinite subset K0 ⊂K.
By ¨, ∃ µk ∈K0 so that

µk,x(f)
uniformlyÐÐÐÐÐ→
k→∞

G(f)(x) ∀ f ∈ SpanJ

where f ↦ G(f) is positive, linear SpanJ → C(Y ).
Evidently ∥G(f)∥C(Y ) ≤ C∥f∥Clim(X) with C as in + and so G extends by uniform approx-

imation to a positive, linear map G ∶ Clim(X) → C(Y ) satisfying ∥G(f)∥C(Y ) ≤ C∥f∥Clim(X).
By the Riesz representation theorem ∃ ν ∶ Y →M(X̂) so that

G(f)(x) = ∫
X
fdνx ∀ f ∈ Clim(X),

Next, fix f ∈ Clim(X) & fn ∈ SpanJ with ∥fn − f∥Clim(X) =∶ εn ÐÐ→n→∞
0. This entails

∥G(fn) −G(f)∥C(Y ) ≤ Cεn, whence, ∀ k,n ≥ 1,

∣µk,x(f) − ∫
X̂
fdνx∣ = ∣µk,x(f) −G(f)(x)∣

≤ ∣µk,x(fn) −G(fn)(x)∣ + ∣µk,x(f) − µk,x(fn)∣ + ∣G(f)(x) −G(fn)(x)∣
≤ ∣µk,x(fn) −G(fn)∣ + 2Cεn.

Given E > 0, fix N = NE ≥ 1 so that εN < E
4C and then choose K =KE ≥ 1 so that

∣µk,x(fN) −G(fN)∣ < E
2C ∀ x ∈ Y, k ≥K

entailing

∣µk,x(f) −G(f)(x)∣ ≤ E ∀ x ∈ Y, k ≥K.

Thus ν ∈ C(Y,M(X̂)) and µn
C(Y,M(X̂))ÐÐÐÐÐÐ→

n→∞
ν. 2�
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For Y ⊂ R a bounded interval, define the Lipschitz norm of F ∶ Y → R by

∥F ∥Lip(Y) ∶= ∥F ∥L∞(Y,m) + LipY (F )
where

LipY (F ) ∶= sup
x,y∈Y, x≠y

∣F (x)−F (y)∣
∣x−y∣ .

Note that if LipY (F ) < ∞, then F is absolutely continuous on Y and LipY (F ) = ∥F ′∥L∞(Y,m).

Lemma 2.1.
Let T ∶ R2+ ý

be a normalised, parabolic inner function with Pommerenke limit Π = U+iV .
Suppose that either (i) T is exact or (ii) T n(i) ÐÐ→

n→∞
∞ tangentially and let Y ⊂ R be a

bounded interval, then ∀ z ∈ R2+,

Fn,z ∶= 1
un
T̂ nϕz ÐÐ→

n→∞
V (z) uniformly on Y with un ∶= T̂ nϕi(0);Z

sup
n≥1

∥Fn,z∥Lip(Y) < ∞-

Proof of Z
Write T n(z) = αn(z) + iβn(z) & T n(i) = an + ibn. By Pommerenke’s theorem 1.3

αn(z)−an
bn

ÐÐ→
n→∞

U(z), βn(z)
bn
ÐÐ→
n→∞

V (z).

It follows that βn(z) ∼ bnV (z) and that

αn(z)2 + βn(z)2 = (an +U(z) + o(bn))2 + V (z)2b2
n + o(b2

n)�

= (an +U(z))2 + V (z)2b2
n + 2ano(bn) + o(b2

n)
= a2

n + V (z)2b2
n + o(a2

n + b2
n)

Thus,

Fn,z(x) = 1
un
T̂ nϕz(x) = βn(z)

bn
⋅ a2

n+b
2
n

(αn(z)−x)2+βn(z)2
a

∼ V (z) a2
n+b

2
n

a2
n+V (z)

2b2n
uniformly on Y

∼ V (z)(∆n+1)
∆n+V (z)2

with ∆n ∶= (anbn )
2.

In case (i), ∆n → 0, U ≡ 0 and V ≡ 1 entailing

1
un
T̂ nϕz

uniformly on YÐÐÐÐÐÐÐÐ→
n→∞

1 = V (z).

In case (ii), ∆n →∞ entailing

1
un
T̂ nϕz

uniformly on YÐÐÐÐÐÐÐÐ→
n→∞

V (z). 2�Z

Proof of -
By Z, supn≥1 ∥Fn,z∥Clim(X)

< ∞ ∀ z ∈ R2+.
Thus, for supn≥1 ∥Fn,z∥Lip(Y) < ∞, it suffices that each Fn,z is absolutely continuous with

sup
n≥1

∥F ′

n,z∥L∞(Y,m) < ∞.v

Uniformly in x ∈ Y :
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∣F ′

n,z(x)∣ = βn(z)
πun

∣ ddx( 1
(αn(z)−x)2+βn(z)2

)∣

= βn(z)
πun

2∣αn(z)−x∣
((αn(z)−x)2+βn(z)2)2

= V (z) 2(a2
n+b

2
n)∣αn(z)−x∣

((αn(z)−x)2+βn(z)2)2

≲ V (z) ∣αn(z)∣+M
a2
n+b

2
n

where Y ⊂ [−M,M]
ÐÐ→
n→∞

0. 2� v

§2.2 Proof of Theorem M.

Proof that dual mixing ⇒ exactness
Write T n(z) = αn(z) + iβn(z) & T n(i) = an + ibn. By Pommerenke’s theorem 1.3

αn(z)−an
bn

ÐÐ→
n→∞

U(z), βn(z)
bn
ÐÐ→
n→∞

V (z)

where Π = U + iV ∈ R2+ is the Pommerenke limit and in particular V > 0.
For z ∈ R2+, as n→∞:

a2
n + b2

n = bn
πT̂nϕi(0)

∼ bn
πT̂nϕz(0)

by dual mixing

∼ 1
V (z)

βn(z)

πT̂nϕz(0)
= αn(z)2+βn(z)2

V (z)

∼ a2
n+V (z)

2b2n
V (z) by �.

Thus ∀ z ∈ R2+, ∃ εn = εn(z) ↓ 0 so that

V (z)∆n + V (z) = (1 ± εn)(∆n + V (z)2).
● If ∃ nk →∞ with ∆nk

ÐÐ→
k→∞

∞, then V ≡ 1.

● If ∃ nk →∞, ∆nk
ÐÐ→
k→∞

r ∈ [0,∞), then ∀ z ∈ R2+,

V (z)r + V (z) ←ÐÐ
k→∞

V (z)∆nk
+ V (z)

= (1 ± εnk
)(∆nk

+ V (z)2)
ÐÐ→
k→∞

r + V (z)2

and V (z) ∈ {1, r}.

Thus V being continuous, is constant, whence also the Pommerenke limit and (R,m,T )
is exact. 2�

Proof that exactness ⇒ dual mixing
We show that for f ∈ CC(R),

µn,x( f
ϕi
) = 1

un
T̂ nf

u.c.s.ÐÐÐ→
n→∞

∫
R
fdmm

with un ∶= T̂ nϕi(0) and µn ∶ R→M(R) defined by

µn,x(f) ∶= T̂n
(fϕi)(x)
un

.

By Lemma 2.1 Z (p. 8), m holds for f = ϕz, z ∈ R2+.
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Now fix a bounded subinterval Y of R. By -, for any z ∈ R2+,

sup
n≥1

∥Fn,z∥Lip(Y ) < ∞

where Fn,z(x) ∶= µn,x(ϕz

ϕi
) = T̂nϕz(x)

un
.

Thus K ∶= {µn∣Y ∶ n ≥ 1} satisfies ¨ (p. 7) with respect to SpanJ for J = {ϕz ∶ z ∈
R2+} ∪ {1} and by Proposition 2.1 is precompact in C(Y,M(R̂)).

Next, suppose that ν ∈K′, i.e. ∃ nk →∞ & ν ∈M(R̂) are so that µnk

M(R̂)ÐÐÐ→
k→∞

ν.

By Z,

µnk,x(ϕz

ϕi
) ÐÐ→
k→∞

1 = Pi(ϕz

ϕi
) ∀ z ∈ R2+

with the conclusion that νx = Pi ∀ x ∈ Y and µnk

C(Y,M(R))ÐÐÐÐÐÐ→
k→∞

Pi.

This shows m ∀ f ∈ Clim(R) and completes the proof of Theorem M. 2�

§2.3 Proof of Theorem Q.
Write T n(z) = αn(z) + iβn(z) & T n(i) = an + ibn. By Pommerenke’s theorem 1.3

αn(z)−an
bn

ÐÐ→
n→∞

U(z), βn(z)
bn
ÐÐ→
n→∞

V (z)

where U + iV ∈ R2+ is the Pommerenke limit and in particular V > 0.
We’ll show that for f ∈ CC(R),

1
un
T̂ nf

u.c.s.ÐÐÐ→
n→∞

∫
R
fdρ¿

with un ∶= T̂ nϕi(0) and dρ(x) ∶= (1 + x2)d$Π(x).
Here, as before, $Π ∈ P(R̂) is the representing measure for Π as in µ. Since T is not

Möbius, $Π ≠ δ∞ and ρ ≢ 0.
By Z (on p. 8), ¿ holds for f = ϕz, z ∈ R2+.
As before, define µn ∶ R→M(R) by

µn,x(f) ∶= T̂n
(fϕi)(x)
un

and

Fn,z(x) ∶= µn,x(ϕz

ϕi
) = T̂nϕz(x)

un
.

By - (on p. 8), for any z ∈ R2+ & bounded subinterval Y of R,

sup
n≥1

∥Fn,z∥Lip(Y ) < ∞.

It follows that K ∶= {µn∣Y ∶ n ≥ 1} satisfies ¨ (on p. 7) with respect to SpanJ for
J = {ϕz ∶ z ∈ R2+} ∪ {1}.

Thus by Proposition 2.1, K is precompact in C(Y,M(R̂)) and

µn
C(Y,M(R̂))ÐÐÐÐÐÐ→

n→∞
$Π.

In particular for f ∈ CC(R),
µn(f) ÐÐ→

n→∞
$Π(f) uniformly on Y ∀ f ∈ CC(R)
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and
1
un
T̂ nf = µn( f

ϕi
) u.c.s.ÐÐ→
n→∞

$Π( f
ϕii

) = ∫
R
f(t)dρ(t).

This proves Theorem Q. 2�

§3 Conditions for mixing & quasi-mixing

Proposition 3.1. Let T ∶ R2+ ý
be a non-Möbius, normalised, parabolic inner function

with representation

T (z) = z + β + ∫
R

dν(t)
t−z with ν ∈M(R), ν ⊥m & β ∈ R.

(i) If β = 0, then (R,m,T ) is conservative and dual mixing with un(T ) = 1

π
√

2ν(R)n
.

(ii) If β ≠ 0, then (R,m,T ) is singular dual mixing: satisfying L with respect to dρΠ(x) ∶=
d$Π(x)
ϕi(x)

; with un(T ) = b∞
π(nβ)2 where b∞ ∶= limn→∞ ImT n(i) < ∞ and $Π is the representing

measure of Π as in µ.

By [Ham94, Theorem P], ρ in (ii) is singular and ρ ≢ 0 because T is not Möbius whence
$Π ≠ δ∞.

Proof of (i) Set T n(i) ∶= an + ibn, then bn ∼
√

2ν(R)n & an = o(bn) as n → ∞. This is
established in [Aar97, Theorem 6.4.1] for ν compactly supported and may be extracted from
[ASW21, §4] for general ν.

Thus (R,m,T ) is conservative, hence exact (see [Aar97, Chapter 6]); and thus dual mixing
by Theorem M. 2� (i)

Proof of (ii) Here an = βn + o(n) and bn ↑ b∞ < ∞. See [Aar97, Theorem 6.4.1] for ν
compactly supported and [Ivr] for general ν.

Thus T n(i) → ∞ tangentially and ρΠ-quasi mixing is established by Theorem Q with

T̂ nϕi(0) ∼ b∞
π(nβ)2 =∶ un(T ). 2� (ii)
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